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Abstract

Repetitive impacts performed by damaged spot on a component of the rolling element bearing specific statis-
tical properties, due to the constant angular distance between the roller elements. Under (almost) constant
rotational speed the successive impacts are regarded as almost periodic with small random fluctuations due
to slippage. Often these random components are modelled as normally distributed, which is unrealistic
since physically impossible events, such as negative time between two consecutive impacts become likely
by the nature of the distribution. Motivated by this deficiency we propose a new model that describes
the occurrence of repetitive vibrational patterns as realisation of a point process with the (mixture)inverse
Gaussian distribution of the inter-event times. Such a model is applicable to both constant and variable
rotational speeds. Additionally, the proposed model inherently describes the quasi-cyclostationarity of the
impact times under almost constant rotational speed. The applicability of the model was evaluated using
vibrational signals generated by bearings with localised surface fault.

Keywords: Localised surface bearing faults, Inverse Gaussian distribution, Fault modelling, Bayes’ factor,

Variable rotational speed

1. Introduction

Bearing faults among the most common causes for mechanical failures [1, 2]. Commonly, methods
based on analysis of vibrational signals focus on extracting specific frequency components that are linked
to particular surface faults [3]. Inferring about bearing condition using such a feature set is possible if
the monitored bearing operates under constant and known rotational speed. However, in reality rotational
speed fluctuates so that the effectiveness of these features is significantly reduced. In this paper we model
the vibrational patterns, generated by bearings with localised surface fault, as a point process with inverse
Gaussian mixture inter-event distribution.

The main source of information for detecting localised bearing faults are the time occurrences of particular

vibrational patterns. The observation of these repetitive vibrational patterns through the concepts of point
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processes was firstly proposed by Antoni and Randall [4]. The proposed model was based on a periodic
impact occurrences with small variations in the period modelled as Gaussian random variable. In a similar
approach Borghesani et al. [5] analysed the distribution of the times between consecutive impacts that
emerge under non-stationary but known operating conditions by allowing significant speed variations and
by calculating the squared envelope spectrum coupled with computed order tracking. The approach proposed
in this paper goes one step further by removing the limitation of constant and known operating conditions.

Despite the effectiveness of the proposed models, they suffer from two major deficiencies. Firstly, the
time intervals between two consecutive impacts are modelled as Gaussian random variables. Since the
support of the Gaussian distribution is on the interval (—oo,c0), it is likely that a time increment takes
negative value which is physically impossible. The second deficiency regards the capability of modelling
significant speed fluctuations. By incorporating random speed fluctuations one significantly increases the
complexity of currently adopted models. Therefore, we propose a novel model that describes the impact
occurrences, generated by localised bearing surface damage, as realisation of a point process whose inter-
event times are governed by (mixture) inverse Gaussian (IG) distribution. By using such an approach one
can construct a unified model capable of describing both single and multiple bearing faults regardless of the
speed fluctuations. We have to note that in this paper we do not deal with fault diagnosis itself. However,
the diagnostic approach proposed in [6] for a particular instance of the problem treated below is readily
applicable for the results derived in this paper.

The paper is organised as follows. The idea of point processes, which are basic building blocks of the
model, are presented in Section 2. The definition and essential statistical properties of the inverse Gaussian
distribution and its mixture variant are presented in Section 3. Applicability of the proposed framework for
modelling localised bearing faults is presented in Section 4. The question of whether to use pure or mixture
IG distribution based on Bayes’ factor is analysed in Section 5. Finally, the simulated and experimental

results are presented in Section 6

2. Basics of point processes

Point processes represent a branch of the theory of random processes that are most commonly used
for characterising random collections of point occurrences [7]. In the simplest form, these points usually
represent the time instances of their occurrences --- ,t;_1,t;,t;41, -+ with the corresponding amplitudes

- Ai—1,A;,Ai11,- -, as shown in Figure 1. A point process can be specified in several equivalent ways [§]:

e through the non-negative number N € Z™ that specifies the number of observed occurrences within

some time interval;

e through the distribution of the inter-event times {Ty,--- ,T,} where T; = ¢; — t;_1; and
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e through the frequency with which events occur around the time instance ¢ with respect to the history

H; of the process; this statistical property is usually called conditional intensity function A(¢|H:).

The amplitudes A;, on the other hand, can be regarded as independent of event times t; and are not of

interest in this paper.
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Figure 1: Realisation of a point process

The simplest point process is Poisson process for which the probability of observing k& events in a time
interval [0, ¢] follows the Poisson distribution:

e—)\t k
P(N = k) = % (1)

where the parameter )\ is referred to as the intensity of the process. Equivalently, the distribution of the

inter-arrival times T; follows the exponential distribution:
p(t) = Ae ™, (2)

Finally, for the Poisson process, the intensity function \(¢|H;) is constant A\(¢|H;) = X and is independent of
the history of previous events. In the remaining of the paper, we will use abbreviated notation for probability
distribution function (PDF) p(z) instead of px (X = x), meaning the PDF of the random variable X takes
value z.

The concept of point processes can be applied to describe the impact time occurrences typical for bearings
with localised surface faults. In what follows, a point process whose inter-arrival times follow IG distribution

is analysed for the purpose of describing localised surface bearing faults.

3. Pure and mixed inverse Gaussian distributions

In this section we will first highlight the basics of a point process with IG distributed inter-arrival
times and will provide physical background leading to IG distribution. Additionally, a modification of the
original distribution, the so-called mixture IG distribution, with time-varying parameters is presented. Such
a concept allows for extension of the proposed localised faults model for bearings operating under variable

rotational speed.
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3.1. Pure inverse Gaussian distribution

Let a stochastic process a(t) be
alt) =vt+a*W(t), v>0,t >0 (3)

where v is positive drift, o2 is variance and W (t) is Wiener process with W (0) = 0 and with increments

W(t) — W(s) ~N(0,¢ —s) |9]. Let us define two parameters:

a

u:%and)\:g, (4)

where the parameter a is a fixed constant. A simple realization of such a process is shown in Figure 2.
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Figure 2: Simulated realisation of the stochastic process (3). The time intervals t; are distributed by inverse Gaussian
distribution (5)

Schrodinger [10] showed that the first passage time of the process (3) over a fixed threshold a follows the
inverse Gaussian (IG) distribution ¢t ~ IG(u, A) [11]:

A At — p)?

Since the parameters p and A in (5) are time invariant, the resulting stochastic process is stationary. IG

p(t; p, A) =

distributions for different values of p and A are shown in Figure 3
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Figure 3: Inverse Gaussian distribution
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3.2. Mixed inverse Gaussian distribution

When modelling data generated by Wiener process (3) there are many practical situations in which
parameters p and A are uncertain and should be considered as random variables, which lead to the so-called
inverse Gaussian mixtures [12]. Physically more sound is to allow the positive drift v in (3) to vary randomly
according to some pre-defined distribution. In order to keep the relation with the positive drift v more clearly

visible, Desmond and Chapman [13] re-parametrized (5) by setting § = 1/pu:

bt =5 o (2007, )

In such a form the parameter § is linearly related to the positive drift v in (3). By allowing ¢ to be

random variable defined on R™ with distribution ps(d), the marginal distribution reads:

) = [ o) ds M

4. Modelling localised bearing faults by means of inverse Gaussian models

Localised bearing faults are surface damages that occur on the bearing elements. Each time a rolling
element passes over the damaged spot, a specific vibrational pattern is generated. These patterns are directly
connected to the bearing’s impulse response. Usually, under constant operating conditions the generated

vibrations are modelled as [14]:

z(t) = ZAis(t—iT—Ti) +n(t), (8)

where A; is the amplitude of the i*! impact, s(¢) is the bearing’s impulse response, T is the period of rotation,
7; is random fluctuation mainly to accommodate slippage and small speed fluctuations and n(t) is additive
noise. Generally, 7; is modelled as zero mean normally distributed random variable with sufficiently small
variance o2. In such a case 7; might take negative values, which (theoretically) can even exceed the period
of rotation T'. Such a scenario, possible in theory, is impossible in practice.

In order to avoid the issues of negative time delays, present in the model (8), we modify the model by
taking into account some mechanical properties of the bearings. The angular distance between the adjacent
rolling elements is constant and therefore the angular distance between two consecutive impacts can be
regarded as constant too. So, one can easily apply the stochastic process (3) to model the angular distance
traveled by a rolling element with respect to the damaged spot. The threshold a in (3) is the actual angular
distance between the roller elements and v is directly related to the rotational speed. Consequently, the
time intervals between two adjacent excitations of s(t) can be modelled as a realisation of either pure or
mixture inverse Gaussian, depending on the statistical characteristics of the rotational speed.

Based on these arguments, we propose the following model of the generated vibrations [14]:

z(t) = Z A;s(t —t;) + n(t), 9)
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where A; is the amplitude of the ith impact, s(t) is the bearing’s impulse response and ¢; is the time of
occurrence modelled as pure or mixture inverse Gaussian random variable and n(t) is additive noise. A

typical vibrational pattern is illustrated in Figure 4.
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Figure 4: Simulated vibrational pattern generated by damaged bearing

Pure inverse Gaussian model (5) for the inter-impact times ¢; should be regarded as a special case, valid
when the bearing rotational speed is (almost) constant, meaning there are no significant speed fluctua-
tions [15].

A more realistic scenario is the one where the rotational speed of a bearing varies randomly. Under such
circumstances the angle travelled by a rolling element can be modelled as a realisation of the stochastic
process (3) by allowing positive drift v to vary randomly according to the random speed fluctuations.
Consequently, the observed time intervals ¢; between two consecutive impacts can be modelled as realisation
of an inverse Gaussian mixture (7) [16].

In order to show the applicability of the proposed model for localised bearing faults, several scenarios

have to be analysed:
e single localised fault present on various bearing elements,
e multiple localised bearing faults and

e statistical properties of the generated vibrational patterns under constant and variable rotating speed.

4.1. Single bearing fault

Crucial information in the analysis of bearing faults is the shaft speed. The shaft speed directly influences
the angle evolution of the rolling elements «(t), with respect to a particular bearing component [3]. In
context of relation (3), the positive drift v is related to the shaft’s rotational speed through a multiplying
parameter C. This parameter depends on the geometrical characteristics of the bearing and determines the
ratio between the angular speed of the rotating ring and a specific bearing component, i.e. k € {Inner ring,

Outer Ring, Bearing Cage, Ball spin}. Consequently, localised surface bearing faults can be represented by
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a point process with inter-event intervals distributed by Inverse Gaussian distribution with v = CyVspaft-
The distribution of the inter-event times for the kth component reads:
2

tkle<a a4 ) (10)

CiVshast 02
where a is the angular distance between the roller element and the localised fault and o is the angle variation
introduced by slippage. Relation (10) shows that a single localised bearing fault will induce impacts with
inter-event times distributed by inverse Gaussian distribution, regardless of the location of the damaged

spot.

4.2. Multiple localised faults

The case of multiple localised surface faults can also be described in the framework of point processes
with inverse Gaussian inter-event distribution. For that purpose one can consider a Wiener process, similar
to (3), with two thresholds a and b. Starting from an initial point the time required to reach the threshold
a is Ty, and time to reach the threshold b from a is 7T5. Based on the results from Chhikara and Folks [17],

one can show that 77 and T» are independent inverse Gaussian random variables defined by:

2
T ~ IG (aa2>
vV O

(11)
b— b—a)?
Ty ~ IG ( ¢ (2‘1)>
v o
After starting from the initial point, the threshold b is reached at time T5 = T7 + T5. Since the ratio
A 2
= = V—Q = const., (12)
My g
the time T3 is also inverse Gaussian random variable distributed as [17]:
V2(11 + wo)?
T3 ~ IG (M1+M27w>~ (13)

In the context of bearings, the threshold a is the angular distance between the first damaged spot and
some initial point, measured in the direction of rotation. The threshold b, on the other hand, is the angular
distance between the second and the first damaged spot in the direction of rotation, as shown in Figure 5.
By extending the concept of two thresholds (13) to multiple thresholds, one can model multiple localised
bearing faults by employing the generalised distribution of inter-event times [17, Chapter 11].

4.8. (Pseudo) Cyclostationarity vibrations at (almost) constant rotating speed
In an idealised case, with strictly constant rotating speed and no slippage, the distribution of the time
impacts tg, described by (10), reduces to p(t;v,0 = 0) = 6(vt — a), where () stands for Dirac J-function.

Consequently, the corresponding point process will be transformed into a truly periodic sequence of impacts.
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Figure 5: Multiple localised bearing faults

The inherent slippage can be accommodated by allowing small values of ¢ in (5). The autocorrelation
function of the stationary renewal process (9) with ¢; ~ IG(v,0) can be derived through its inter-event
probability distribution [18]. Using (5) as inter-event probability distribution it can be readily shown that
the autocorrelation function converges to the constant value

2 2
lim R,.(7) = 2 < . (14)

T—>00 arv
The details about the derivation of (14) are presented in Appendix A.
As already analysed by Antoni and Randall [19], such a process can be treated as quasi-cyclostationary

in cases when o is sufficiently small and constant rotational speed.

4.4. Fluctuations of impact times
In the simplest form, with constant positive drift v (constant rotational speed), the variance of the
inter-impact times can be derived from the inverse Gaussian distribution (5) as

i ac?

Var[t] = E[(t — E[t])*] = — = —. 15
0= Bl - Bl = 5 =22 (15)
The variance (15) depends only on the rotational speed (i.e. the positive drift v) and is therefore constant
over time. For randomly varying speed, the variance of impact times depends on the statistical properties

of the rotational speed i.e. the prior ps(d) in (7).

4.5. Comments on the model
In the proposed approach the angle evolution of the bearing roller element is modelled as a Wiener
process with positive drift (3). In theory, the Wiener process anticipates increments that are not necessarily

positive. This property raises two questions:

1. What does negative evolution of the angle «(t) travelled by the rolling element mean?

The slippage causes the roller elements to actually have a negative angle increment relatively to the
rotating ring, which on a very short scale is a sort of back and forth movement. The non-monotonic

nature of the Wiener process (3) accommodates this effect.
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2. What does it mean that a rolling element has a possibility of entering the damaged area several

consecutive times?

As a result of the negative angle evolution, there is a (negligible) probability for a rolling element to
enter a damaged area more than ones. However, even if such an event occurs, the time between two
consecutive impacts will be so short, that on the macroscopic level the first impulse response will be

interlaced with the second one and both impacts will become indistinguishable.

By clarifying these two issues the application of the Wiener process (3) becomes physically justified.
Furthermore, having a proper statistical model describing the time evolution, one can easily calculate the

probability of negative evolution of «(t).

5. Choosing between pure and mixture inverse Gaussian models

The likelihood functions (5) and (7) specify two different models M; and M, describing the time oc-
currences ¢t in (9). For these cases when precise rotational speed measurements are available, selecting
the proper model is straightforward. However in cases when such measurements are unavailable, a general
purpose decision approach can be performed by employing Bayes’ factor.

The application of the Bayes’ factor incorporates the concepts of parsimony, unlike the standard likelihood
which suffers from the problems of overfitting [20, 21]. For the observed data ¢ the Bayes’ factor between

two models M7 and M5 reads:

P(Mifr<t<7+dr)  p(t|My)  P(Mi) (16)
P(MQlT § t S T4+ dT) p(t|M2) F)(.Z\fg)7
N—_——

Bayesfactor

where P(M;) and P(Ms) are prior distributions associated with each model.
The two likelihoods entering the Bayes’ factor can be calculated by integrating over the complete set of

parameters as:
p(tM;) = / p(t16:, M) p(6:|M;) dbs, i = {12}, (17)

where p(t|;) and its corresponding parameter sets 6; = {u;, \;} and the prior p(6;|M;) depends on whether
we use M; (pure IG model) or My (mixture IG model) respectively.

The calculation of p(t|M;) from (17) is fairly straightforward since we assume that bearing is operating
under constant rotational speed. For such a case, the prior p(6;|M;) takes simple form. On the other hand,
the calculation of the second marginal p(t|Mz) from (17) depends on the selection of the appropriate prior
describing the statistical properties of the rotational speed variations captured with p(62|Ms). In many

cases the integral (17) is intractable. A possible solution is the application of Monte Carlo integration.
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5.1. Model specification with Gaussian prior

Setting the prior p(d2|M2) in (17) to be Gaussian can be regarded as a safe choice in cases when the
speed mean value is known but proper prior information about the variation of the rotational speed profile

is missing. For such a case the speed fluctuations can be defined as [22]:
§ =d+¢e, where e ~ N(0,03),d > 0,6 >0, (18)

where the only hyperparameter 65 is the variance O'g. The limitation 6 > 0 imposes additional limitation on
the distribution of ¢ in (18) i.e. the Gaussian distribution of £ should be truncated so that € > —d and it
reads [22]:

p(6) = <I>(d1\/5> (221)1/2 exp (—W) L8>0, (19)

where ®( ) is the cumulative function of the standard normal distribution. Using (19) as a prior for the

speed fluctuations, the marginal likelihood (17) reduces to (7) and reads:

P < d+Xo3
. . A )\(dﬁ — 1)2 |J,;|\/1+)\a'§t (20)
p(ti A, 05, d) = \/ 2731+ aoZt) 7 (‘ 2t (1 + Aa?t)) o (1) '
g5

It should be noted that for the special case when o5 = 0, the mixture inverse Gaussian (20) reduces into its

standard form (5).

6. Experiments

The proposed model based on mixture inverse Gaussian distribution of the inter-event times was evalu-
ated using vibration signals acquired from electronically commutated motor with localised bearing fault. In
both cases, the observed vibrations were generated under several different speed profiles, according to the
model (18) with mean value d = 38 Hz. The standard deviation o5 changed from 0% up to 10% of the mean
speed.

6.1. Ezxperimental setup

The vibration signals, generated by the electronically commutated (EC) motor, were acquired using the
test rig shown in Figure 6. The rig consists of a fixed pedestal with rubber dumpers on top of which the
test EC motor is positioned. The generated vibrations are measured using two accelerometers positioned
on the bearing’s sleeves. Both vibration signals were low—pass filtered with cut—off frequency at 22 kHz and
sampled at 60 kHz. The faulty bearing was mounted on the EC motor’s non-driven end. Seeded fault was
introduced on the outer ring by means of electronic discharging machine. The fault was ~ 2° wide and has

average surface depth of 30 pum.
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The seeded fault can be considered as a severe one. However, as the goal of the experiment is the
detection of impact times, such a fault allows straightforward detection of excited impulse responses. Thus

enabling sufficiently accurate extraction time intervals between two consecutive impacts.

s e [ PN
! Signal | Vibration

) conditioning

Figure 6: Experimental set up for electronically commutated motors

6.2. Detection of impacts times

The main signal processing step, prior to the application of proposed IG based models, concerns the
calculation of the time intervals between two consecutive impacts. In our approach, the detection of impact
times was performed using wavelet transform thresholding [23]. Schukin et al. [24] suggested that for signals
containing repetitive impulse responses, an optimal detection of impacts can be performed by using mother
wavelet that will closely match the underlying vibrational patterns. According to the thorough analysis of
Unser and Tafti [25], on the other hand, the crucial parameter for sparse wavelet representation of signals,
containing repetitive impulse responses, is the number of vanishing moments of the mother wavelet. Going
this way seems less demanding than looking for the “optimal” mother wavelet that will closely match the
underlying signal. Therefore, by selecting a wavelet with sufficiently high number of vanishing moments one
can sufficiently accurately analyse vibrational patterns containing the impulse responses from the excited
eignemodes regardless of their variable form due to the changes of the transmission path. The schematic
representation of the impact detection process is shown in Figure 7.

In our approach, the generated vibrations were analyzed using Daubechies 8 mother wavelet [26]. For
our particular system such a number of vanishing moments has shown to be sufficient for accurate impulse

detection.

6.3. Numerical calculation of the Bayes’ factor

Having the impact times t; the next step is to calculate the Bayes’ factor by calculating the marginal

distributions (17). The marginal likelihoods were calculated using Monte Carlo integration. Since the
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Figure 7: Detection of impact times using wavelet as differential operator

model selection depends on standard deviation oy, the selected prior was the so-called folded non-central ¢

distribution which reads [27]:
1 ronn oy ~(HD/2
p(03) o (1 +1(2) ) , (21)

where A is scale parameter and v represents the degrees of freedom. The prior for the mean value d in (18)
was chosen to be uniform in a sufficiently wide interval. The prior for the remaining parameter A = 1/02
in (3) was also chosen to be uniform in the interval that contains 2% of initial speed fluctuations due to

slippage [14].
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Figure 8: Applied speed fluctuation profile

6.4. Results

One realisation of the speed fluctuations, with d = 38 Hz, is shown in Figure 8. The speed fluctuations
are smooth but sufficiently fast. Consequently, even during a single bearing revolution the rotational speed
varies. The histogram of impact times with the corresponding distributions are shown in Figure 9.

The impact times were extracted using the wavelet analysis of the generated vibrations using Daubechies 8

mother wavelet. Due to the significant fault severity, the detection of the impact times can be performed
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Figure 9: Distribution of impact times

sufficiently accurately. Based on the extracted impact times, for small speed deviations o5 < 0.5% of the
mean speed value d, the Bayes’ factors (17) overwhelmingly favour simpler model (5) i.e. pure inverse
Gaussian distribution of the inter-event times. For speed fluctuations with o5 > 0.5% the Bayes’ factors
favour mixture inverse Gaussian model for the inter-event times. Changes of the Bayes’ factor with respect

to the changes in the speed fluctuations o5 are shown in Figure 10.

1000

—
— f=
o (=}

o

log of Bayes factor P(t|M)/P(t|Mz)

—
o

10

2 4 6 8
Variance o2 with respect to the mean value d [%)]

Figure 10: Changes of the Bayes’ factors for different o

Such results are (somewhat) expected since under small speed fluctuations pure inverse Gaussian dis-
tribution of the inter-event times sufficiently well describes the observed impact times. At the same time,
due to the principle of parsimony, the simpler model is preferred. The cost of more complex model becomes

justified when the speed fluctuations become more intensive.

7. Conclusion

The experimental results show that the time occurrences of the vibrational patterns generated by bearings
with surface faults can be treated as a realisation of a point process whose inter-event times are distributed

according to either pure or inverse Gaussian mixture. The first model is applicable for the special case
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when fault bearings operate under constant rotational speed. The model using inverse Gaussian mixture is
a general solution applicable also for modelling the impact times of faulty bearings operating under variable
rotational speed.

Employing inverse Gaussian distribution for inter-event times resolves several issues present in the cur-
rently available models. The most important one is that the proposed model provides a physically sound
description of the statistical properties of the inter-event times by using a distribution defined on the in-
terval [0,00). Furthermore, the model inherently describes the quasi-cyclostationary characteristics of the
impact times under almost constant rotational speed. Finally, by employing the Bayes’ factors it is shown
that when the speed fluctuations exceed one percent the rotational speed should no longer be regarded as
constant.

The proposed model provides a unified description for both single and multiple localised surface bearing
faults regardless of the rotational speed. It offers a way for proper statistical analysis of inter-event times of
the occurrence of the vibrational patterns under arbitrary speed profiles by specifying the appropriate prior

distribution in the Bayes’ rule.
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Appendix A. Derivation of autocorrelation (14)

Appendiz A.1. Probability of consecutive events

For a point process let the probability density of a single event occurring up to time ¢; be py(t1). The

probability density pi(t;) for k consecutive events occurring up to the time moment ¢ reads [18]:

pr(te) = /0 kpk—1(tk71)P1(tk — tp—1)dtp—1. (A1)

The Eq. (A.1) is a convolution of two probability densities defined on the non-negative real line, since both

tr > 0 and ty > tx—1. This convolution can be elegantly calculated using the Laplace transform of (A.1) as:

Pri(8) = prr—1(s)pri(s) = Plz,1(5)a (A.2)

where pr, x—1(s) = L{pr—1(t)}, pr,1(s) = L{p1(t)} and L{-} stands for the Laplace transform.

In case of IG inter-event times, pr, 1(t) is the Laplace transform of (6) i.e.:

pra(s) :exp{zg ll— \/1—!—2(;5] } (A3)
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Calculating then the inverse £L~'{p} ,(s)} of (A.3) results in [28]:
ka (vt — ka)?
) = —— —_—— . A4
) = —eop {1 (A4)
The obtained result (A.4) has quite intuitive explanation. In (6) the threshold for the Wiener process was
set at a. Therefore the time ¢ needed to observe k consecutive crossings has the same distribution as if one

elevated the threshold up to ka.

Appendiz A.2. Autocorrelation of a point process with IG inter-event distribution

The autocorrelation R, (7) of a (renewal) point process has the following form [18]:
Ryo(1) = v0(T) + Pu(T), (A.5)

where v is the “frequency” with which the events occur (firing rate), vd(7) represents the probability of
an event occurring at time ¢ and the same event occurring in time ¢t + 7, whereas p,(7) represents joint
probability density of an event occurring at time ¢ and another one occurring at time ¢ + 7. Furthermore,
the joint probability of the kth event occurring at time ¢ while the k + nth event occurring at time ¢ + 7
is p, (7). Having this in hand the probability p,(7) becomes a sum of probabilities that an event occurs at

time ¢ whereas the nth consecutive event occurs at time ¢ + 7. Hence p,.(7) becomes:
(o)
Pa(T) =1 > palT). (A.6)
n=1
Using (A.1) for p,(7), (A.6) becomes

Pz(T) = vp(T) + ATp(T/)ﬁw(T —7)dr'. (A7)

Calculating the Laplace transform of (A.7) transforms it into

Pra(s) = 1”_7”;)2()) (A8)

Substituting (A.3) for pr(s) and using the final value theorem of the Laplace transform it can be readily

shown that
lim Ry, (7) = ﬁ < 0. (A.9)
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